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Abstract

This study examines the buckling and post-buckling behavior of stiffened sandwich toroidal
shell segments (TSSs) with a graphene origami (GOri)-enabled auxetic core and carbon nano-
tube (CNT)-reinforced face sheets supported by elastic foundations under axial compression.
The TSSs are stiffened with CNT-reinforced stringers or rings, modeled using a novel smeared
stiffener technique. CNTs are distributed uniformly (UD) or functionally graded (FG) across
the face sheets and stiffeners. Nonlinear equilibrium equations are derived using von K&rman
shell theory and Stein and McElman approximations, with a Winkler-Pasternak elastic foun-
dation considered for shell-foundation interactions. The Galerkin method is used to solve the
nonlinear load-deflection relationship, which is then applied to calculate buckling loads and
analyze post-buckling behavior. Numerical investigations focus on the effects of stiffeners,
CNT volume fraction, and distribution types on the buckling and post-buckling behavior of
auxetic-core TSSs, confirming that stiffeners substantially enhance the critical buckling loads
and post-buckling strength.
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1. Introduction

As auxetic metamaterials attract significant attention across various industries due to their ex-
cellent mechanical properties, extensive research has focused on developing materials that combine
auxeticity with strong mechanical performance over the past few decades [1]. Recently, a category
of graphene origami (GOri)-enabled metallic metamaterials (GOEAMSs) with superior mechanical
properties has been developed by Zhao et al. [2]. These materials offer tunable negative Poisson's
ratio (NPR) and enhanced mechanical properties, with NPR adjustability achievable by altering the
graphene content, folding degree, and temperature. Ebrahimi and Parsi [3] studied wave propagation
in auxetic beams with FG GOri. Ebrahimi and Ahari [4] examined buckling in composite materials
with magnetostrictive face sheets and GOri features.

Carbon nanotubes (CNTSs) are ideal for enhancing composites due to their exceptional thermal,
mechanical, and electrical properties [5]. CNTs can be uniformly distributed (UD) or functionally
graded (FG) within a polymer matrix when incorporated as fibers. Using a perturbation technique,
Shen [6] analyzed post-buckling in FG-CNTRC cylindrical shells. Shen [7] also examined post-buck-
ling in CNT-reinforced cylindrical shells under axial loading in a thermal environment using higher-
order shear deformation theory.

Toroidal shell segments (TSSs) are widely used in engineering applications, including aeronau-
tical, underwater, and civil structures. Recent research has focused on the buckling analysis of these
shells, particularly those made from modern composite materials. Nguyen et al. [8] analyzed buckling
and post-buckling in TSSs with honeycomb auxetic cores and GRC coatings under torsional loads,
using von Karman-Donnell shell theory and Stein and McEIman approximations [9] with the Galerkin
method. Ebrahimi et al. [10] found that sandwich TSSs with GOREAM cores and CNTRC face sheets
had significantly better stability than those with re-entrant auxetic metamaterials. Multiple studies
have been undertaken using a similar approach to analyze the buckling and post-buckling behavior
of TSSs [11-14].

Optimally designed stiffeners enhance shell structure buckling behavior. Wang et al. [15] in-
troduced a smeared stiffener method for stiffened composite shells, later improved by Phuong et al.
[16] for FG-GRC shells' nonlinear and post-buckling analysis. Dong et al. [17] studied nonlinear
buckling in CNTRC shells with CNTR stiffeners. Dao et al. [18] analyzed buckling in eccentrically
stiffened FG TSSs, while Minh et al. [19] applied Phuong et al.'s method to CNTRC TSSs with FG-
CNTRC stiffeners.

A comprehensive literature review on TSSs highlights a significant gap in understanding how
stiffeners affect the buckling and post-buckling behavior of sandwich composite auxetic-core TSSs.
To address this, the authors propose investigating TSSs with a GOEAM core and CNT-reinforced
coatings using Phuong et al.'s [16] smeared stiffener technique. The study, focusing on axial com-
pression with Pasternak's elastic foundations, integrates von Karman nonlinearity with the Stein and
McEIman approximation and uses the Galerkin method for analysis. It conducts a parametric study
to examine the effects of various stiffener types and CNT parameters.

2. Geometrical and material description

2.1 The CNT-reinforced face sheet-stiffener structure

Figure 1 shows the geometry of ring- and stringer-stiffened auxetic-core sandwich TSSs. This study
models the shell-stiffener structure using an improved smeared stiffener technique [16]. FG-CNTRC
stiffeners maintain consistent CNT orientation across the face sheets and stiffeners with patterns sim-
ilar to the shell—UD, FG-X, and FG-O. The extended rule of mixture determines the elastic constants
of orthotropic materials as follows [6]:

E1C{VTRC = VnaEma + 771VCNTE1C{VT Vlcé\]TRC = VnaVma + VCNTV1C£VTR
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E5)" " Ema Gy Gma
here ECNT, ESNT, and GENTrepresent the elastic moduli for the CNTs, while E,,,, and G,y,,de-
note the elastic moduli of the matrix material. n; signifies the performance parameter, and V¢t and

Vine are the volume fractions of the CNTs and the matrix, respectively, with Vet + Vipe = 1. Fur-

thermore. Poisson's ratios are vi)T and v,,,, for CNTs and matrix materials, respectively.

Y Ring Stiffeners
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Figure 1. Configuration of stiffened sandwich GOEAM -core TSSs with CNTRC shell-stiffener structure.

2.2 Effective mechanical properties of GOEAM core

The mechanical properties of GOEAM, including Young's modulus E., Poisson's ratio v, co-
efficient of thermal expansion «., and density p., as developed by Zhao et al. [2], can be expressed
as follows:

1+ &n Vg,
c= 1——171/;EC” X fg(Hgr, Ver, T)

ac = (ag Ver + acuVeu) X foVer, T) pe = (PerVer + pcuVeu) X fp Ver, T) (2)

Ve = (VGrVGr + VCuVCu) X fv (HGT' VGr: T)

where 1 and & are material and size coefficients from Zhao et al. [2], and T is 300 K.

3. Fundamental equations

This paper uses von Karman-Donnell's theory to derive the governing equations for the buck-
ling and post-buckling characteristics of stiffened sandwich TSSs with GOEAM cores and CNT-
reinforced face sheets under uniform axial compression. According to Stein and McElman [9], the
mid-surface strain of the shells is as follows:

o Ju ow\?  w
fx—a+(a) ) (3)
0 ov ow\? w
g=—+|—] — =
Y ox (63/) R

0 _(’)u+6v+6wf)w
yxy_ay dx 0Jx dy
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where u, v and w, are displacement components in the x, y and z directions, respectively Hooke's law
is utilized for orthotropic Iayers as [20]:

Q11 Q12 0 Ex
Gy Q12 Q O &y (4)
0 Qeel Vxy
where
Eiq E11v21 Ey;
= = = = G
Q11 T— vV Q12 T—vivy, Q22 T—vivyy Qes 12 (5)

Integrating Eq. (4) across the shell and stiffener thickness allows derivation of the internal forces in
stiffened sandwich TSSs as follows:

[ Nx1 Ay A, O By By, 09 &
Ny [A12 Az 0 Bip By 0] &
Neyl _| 0 0 A 0 0 Bes ve,
Mx Bll B].Z 0 Dll D].Z 0 —wxx (6)
My| |Bz By 0 Dy Dy 0 l|-w,,
my,] Lo 0 Be 0 0 D66J__2wxy_
Where A;}, B;;, and D;; are the total stiffnesses of the stiffened sandwich TSSs, expressed as [16]:
(Ai,Bij, D;j) = (Af]h,Bf]h,DSh)+(Af],Bf],DS)+(AfJ,B[],Dr) (i,j = 1,2,6) (7)

where A5F, Bf]h, D7l represent the sandwich shell's stiffness . The stiffness of CNTR ring can be ob-

tained by using the expression [16]:

A1q ~0 Bi1 1412 5’12
[Agz Bzz [Azz Bzz] [Alz 0 Bqy 0] 0 A 0 Besl| 0 0
B3, Dzz By, Dyl |Bi, 0 Dy 0f|By 0 Dy 0 |[Bi Dy ()

0 By 0 Degllo 0
where

(Aij’gij’éij) fQU (1 Z, ZZ)dZ (l,] = 1,2,6) (9)

The same calculation procedure applles to stringers. The equilibrium equations for stiffened sandwich
TSSs, are expressed as follows [14]
Nyx+ Nyyy =0
Nyyx + Ny, =0
My + My, + 2My iy + NeW + NyWy + 2Ny Wiy, + 5 4 22
-Kiw + KZ(W,xx + W,yy) =0
The Airy stress function ¢(x, y) may be introduced as:
byy =Ny, Gux =Ny, Gry = —Nyy (11)
When conditions (11) are met, the first two equatlons in Eq (10) are satisfied. Substituting Eq. (6)
and Eqg. (11) into the last equation of Eq. (10) yields the equilibrium equations as follows:
1 (12)

1
Dllw,xxxx + D22W,yyyy + (D12 + D21 + 4'D66)"V,xxyy - E¢,xx - a‘.b,yy

_q-’),yyW,xx - ¢,xxW,yy + 2¢,xyW,xy + K1W - KZ (W,xx + W,yy) =0
From Eq. (3) the deformation compatibility equation is obtained as:

0 0 0 1 1 5 _ (13)
gx,yy + ey,xx - ny,xy + Ew,xx + EW,yy - W,xy + W,xxW,yy =0

(10)

Substituting Eq. (6) into the compatibility Eq. (12) yields:
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. . . _ (14)
C11 ¢,xxxx + C22 (;b,yyyy + (C66 - ZACIZ) ¢,xxyy - W,chy + WaxxWyy + o Waxx + aw,yy =0

R
Applying the closed condition to the closed shell yields:

2R (L 2nR (L w 1 (15)
— 04 _— _ 2 =
fo fo vydxdy = —fo .L (ey + 32 W,y> dxdy =0

The governing Egs. (16, 18, 19) can be utilized to explore the post-buckling behavior of sandwich
TSSs.

4. Solution Procedure

This article examines the buckling and post-buckling analysis of stiffened axially-loaded sand-
wich TSSs considering simply-supported boundary conditions as follows:
w=0,N,=0,Nyy =0,M,=0 x=0x=L (16)
In accordance with the boundary condition the deflection of the shell w(x,y) can be approxi-
mated by a three-term expression as [14]
ny mnx (17)

f n f . mnx n E .9
w = Sin SN —- Sin

where m and n are the longitudinal and radial buckling modes, &, is the pre-buckling deflection am-
plitude, and &;,&, are the linear and nonlinear post-buckling deflection amplitudes. Substituting
Eq. (17) into (14) yields the stress function:
2mmx 2ny . mmnx _ ny . 3mmx | ny x? y? (18)
¢ = ¢, cos I + ¢, cosT — 3 sstm? + ¢, sin I smf - aoyh7 - p0h7

Where p, is the compressive axial load, and the ¢; are provided in [14]. By substituting the stress
function (18) and deflection Eqg. (17) in equation (12), applying the Galerkin method, and considering
the Eq. (15), the equilibrium equations are derived as follows:

- S32 V2 V2 S34 (19)
0725, "1 T2 T2, PO
S11 + S12Vo + S13Vi + S1avy + Si5v5 — Sigpg = 0 (20)
» _ —S23V2 + 524V2po
vi =

S21 + 8222 (21)
where §;; are presented in [14]. By solving Egs. (19)- (21), the load expression in terms of the non-
linear amplitude can be obtained as follows:

S12 81252353272 $13S823V;
=[5, + (S - —) + SysvE — - ]
Po [ H 1Ty ) Ve s 2831(S21 + S22v2)  Sa1 + S22v2 (22)
% (S n $12534 _ $13524V; _ $12524532V> )_1
Y07 285 Sy +Saavs 2831 (Say + Saava)

Setting v, = 0 allows the determination of the bifurcation point for the upper buckling load of axially
compressed TSSs.
pgpper = 511/[S16 — $12534/(2S31)] (23)
From Eqgs. (19) -(21), one can establish the relationship between maximum deflection and non-
linear amplitude.
W = S32(S24V2P0 = S23v2) | V2 (524V2P0 — 523V2) ~ 1o S34 (24)
28531 (821 + S22v2) 2 S21 + S22V2 2531

The post-buckling curves py — Wiax/h of stiffened GOEAM-core sandwich TSSs with CNT-rein-
forced face sheets can be obtained by combining Egs. (22) and (24).
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5. Numerical Results and Discussion

To validate the method used in this investigation, comparative studies were conducted on a
CNT-reinforced cylindrical shell without stiffeners, assuming an infinite longitudinal radius and no
elastic foundation. The critical buckling loads from this study show acceptable agreement with those
reported by Shen et al. [9], as indicated in Table 1.

Table 1. Comparisons of critical buckling load p., = p.-2mRh(in KN) of CNTRC cylindrical shells
subjected to axial compression (R/h=100,h=1mm, h, =0, T =300 K).

L?/Rh Venr Shen [9] Present
ubD FG-X ubD FG-X
0.12 18.75 (L7) 21.81 (1;7) 18.8321 (1,7) 21.638 (L,7)
100 0.17 30.43 (1,7) 3553 (1,7) 30,5419 (1,7) 35.2354 (1,7)
0.28 37.77 (1,7) 47.18 (1;7) 38.0149 (1,7) 47.2022

“The buckling modes are represented as (m,n)

Tables 2-3. detail the impact of CNTR rings, stringers, CNT reinforcement direction, distribu-
tion patterns, and content on the critical buckling loads of TSSs. The results show that FG-CNTRC
convex TSSs have higher critical buckling loads than concave ones. For convex TSSs, longitudinal
CNT reinforcement yields greater buckling loads, while concave shells perform better with circum-
ferential reinforcement. Tables 2. and 3 also reveal that the FG-X CNTRC distribution pattern
achieves the highest buckling loads, whereas the FG-O pattern results in the lowest. Stiffeners are
crucial: unstiffened TSSs have significantly lower buckling loads than stiffened shells. For convex
TSSs, stringer-stiffened shells outperform ring-stiffened ones, whereas, for concave TSSs, ring-stiff-
ened shells are more effective. In all cases, increasing CNT content markedly enhances buckling
loads.

Table 2. The critical buckling loads (in MPa) of GOri-enabled sandwich convex TSSs with and without
CNTRC stiffeners subjected to axial compression. (Her = 100%, Wer = 2.5%, L = 1.5R, R/h = 80, a=4R
,hy = 1mm,h, = 2mm, by = b, = 0.002m, hy = h,, = 0.003m, ng = 50,n, = 12)

XD TSS YD TSS

Venr Without stiffener XD stiffeners | YD stiffeners Unstiffened XD stiffeners YD stiffeners
uD 0.17 550.03 (6,5) 612.415 (5,6) | 557.163 (6,6) 300.703 (12,6) 472.946 (7,8) 302.09 (12,7)

0.28 678.622 (5,5) 778.771(5,5) | 688.292 (5,6) 346.978 (12,7) | 580.284 (7,8) 347537 (12,7)

0.17 593.942 (5,6) 654.755 (5,6) | 598.962 (5,6) 303.79 (12,6) 485.355 (7,8) 305.335 (12,6)

0.28 743.193 (5,5) 832.76 (4,6) 755.068 (5,6) 355.929 (12,7) 602.27 (7,8) 356.608 (12,7)

0.17 495.669 (6,5) 570.753 (5,6) | 501.581 (6,6) 299.136 (12,6) 461.507 (7,8) 299.826 (12,7)

0.28 616.525 (5,6) 713.154 (5,5) | 623.906 (5,6) 343.152 (12,8) 561.669 (6,8) 343.42 (12,8)

Table 3. The critical buckling loads (in MPa) of GOri-enabled sandwich concave TSSs with and without
CNTR stiffeners subjected to axial compression. (Her = 100%, Wer = 2.5%, L = 1.5R, R/h = 80, a=-4R
,hy = 1mm,h, = 2mm, by = b, = 0.002m, hy = h,, = 0.003m, ng = 50,n, = 12)

XD TSS YD TSS
Venr Unstiffened XD stiffeners YD stiffeners Unstiffened XD stiffeners YD stiffeners
FG-X 0.12 105.388 (1,4) 106.015 (1,4) 117.36 (1,4) 140.534 (1,4) 141.017 (1,4) 153.626 (1,4)
0.17 108.186 (1,4) 109.153 (1,4) | 125.138 (1,4) 159.328 (1,4) 160.029 (1,4) 178.436 (1,4)
0.28 111.921 (1,4) 113.623 (1,4) 137.939 (1,4) 195.979 (1,4) 197.099 (1,4) 227.08 (1,4)

Figures 4a and 4b analyze the effects of stiffeners on the post-buckling curves of sandwich TSSs,
comparing stiffened and unstiffened shells for convex and concave TSSs with longitudinal and cir-
cumferential CNT-reinforced shell structures. Stiffeners significantly impact post-buckling behavior.
For convex TSSs, Figure 4a shows that stringer-type stiffeners yield higher post-buckling curves,
while for concave TSSs, ring-stiffened shells exhibit the highest curves (Figure 4b). Additionally,
Figure 4 highlights the complexity of TSS nonlinear behavior, with convex TSSs showing irregular
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post-buckling paths due to material and geometric complexities, especially at higher deflections, com-
plicating the prediction of their behavior. Figures 6a and 6b show the effect of CNT distribution
patterns—UD, FG-X, and FG-O—on stiffened TSSs' post-buckling behavior. FG-X offers the best
strength, followed by UD, with FG-O performing the weakest. Snap-through is minimal in concave
TSSs and absent in convex shells.

800 T T T T — 550 T
] - Stringer-stiffened shell
700 1 —Ring-stiffened shell
500 - - Shell without stiffener
600 (5 _—
'} ____________ Stringer-stiffened shell
) —Ring-stiffened shell i L - -
500 | - - Shell without stiffener _ 450 Ctrcum!‘erentlally
= 3 e E— K CNT-reinforced
2 400 s shelf UD-CNT, V. = 0.17
= Longitudinally CNT-rei shell 2 400 - H_ =100%, W_ = 2.5%
UD-CNT, V. =0.17 Gr * Ver~
300 Hg, = 100%, W, = 2.5% L=1.5R Rh=80,a=4R
r r = =
L=15R R/h=80,a=4dR aso| h, =0.002m, h, =0.007m
200 h,=0.002m, h, =0.001m n_=50,n =12
n_=50,n=12,b_=b =0.002m,h_=h_=0.003m b_=b =0.002m,h_=h =0.003m
100 s i s =50 s = 1 s=b, =h,
7
K, =10" Nim’, K, = 10° Nim 300 K, =107 Nim’, K, = 10° N/m
00 2 0 0.2 0.4 0.6 0.8 1 1.2 0 08 ! 18 2
W __Ih w_Jh
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Figure 4. Comparison of stiffener types on the post-buckling curves of convex TSSs with a: longitudi-
nal CNT reinforcement and b: circumferential CNT reinforcement.
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Figure 5. Comparison of stiffener types on the post-buckling curves of concave TSSs with a: longitudinal CNT
reinforcement and b: circumferential CNT reinforcement.
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Figure 6. Effects of different CNT distribution models on the post-buckling curves of stiffened TSSs
6. Conclusions

This paper examines the buckling and post-buckling behavior of stiffened GOEAM-core sand-
wich TSSs with CNT-reinforced face sheets under axial compression, using the Donnell-von Karman
theory, an improved smeared stiffener method, and the Galerkin solution. Numerical studies confirm
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that stiffened TSSs exhibit higher critical buckling loads and post-buckling strength than unstiffened
shells. Stiffened convex TSSs outperform stiffened concave TSSs in buckling loads and post-buck-
ling strength. The type of stiffeners and CNT reinforcement direction significantly affect the buckling
behavior, with longitudinally aligned CNTs and stringer stiffeners boosting performance in convex
TSSs and circumferentially reinforced ring stiffeners enhancing performance in concave TSSs. The
FG-X CNT distribution pattern yields the best buckling and post-buckling characteristics.
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