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Abstract 

This study examines the buckling and post-buckling behavior of stiffened sandwich toroidal 

shell segments (TSSs) with a graphene origami (GOri)-enabled auxetic core and carbon nano-

tube (CNT)-reinforced face sheets supported by elastic foundations under axial compression. 

The TSSs are stiffened with CNT-reinforced stringers or rings, modeled using a novel smeared 

stiffener technique. CNTs are distributed uniformly (UD) or functionally graded (FG) across 

the face sheets and stiffeners. Nonlinear equilibrium equations are derived using von Kármán 

shell theory and Stein and McElman approximations, with a Winkler-Pasternak elastic foun-

dation considered for shell-foundation interactions. The Galerkin method is used to solve the 

nonlinear load-deflection relationship, which is then applied to calculate buckling loads and 

analyze post-buckling behavior. Numerical investigations focus on the effects of stiffeners, 

CNT volume fraction, and distribution types on the buckling and post-buckling behavior of 

auxetic-core TSSs, confirming that stiffeners substantially enhance the critical buckling loads 

and post-buckling strength. 
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1. Introduction 

As auxetic metamaterials attract significant attention across various industries due to their ex-

cellent mechanical properties, extensive research has focused on developing materials that combine 

auxeticity with strong mechanical performance over the past few decades [1]. Recently, a category 

of graphene origami (GOri)-enabled metallic metamaterials (GOEAMs) with superior mechanical 

properties has been developed by Zhao et al.  [2]. These materials offer tunable negative Poisson's 

ratio (NPR) and enhanced mechanical properties, with NPR adjustability achievable by altering the 

graphene content, folding degree, and temperature. Ebrahimi and Parsi [3] studied wave propagation 

in auxetic beams with FG GOri. Ebrahimi and Ahari [4] examined buckling in composite materials 

with magnetostrictive face sheets and GOri features.  

 Carbon nanotubes (CNTs) are ideal for enhancing composites due to their exceptional thermal, 

mechanical, and electrical properties [5]. CNTs can be uniformly distributed (UD) or functionally 

graded (FG) within a polymer matrix when incorporated as fibers. Using a perturbation technique, 

Shen [6] analyzed post-buckling in FG-CNTRC cylindrical shells. Shen [7] also examined post-buck-

ling in CNT-reinforced cylindrical shells under axial loading in a thermal environment using higher-

order shear deformation theory. 

Toroidal shell segments (TSSs) are widely used in engineering applications, including aeronau-

tical, underwater, and civil structures. Recent research has focused on the buckling analysis of these 

shells, particularly those made from modern composite materials. Nguyen et al. [8] analyzed buckling 

and post-buckling in TSSs with honeycomb auxetic cores and GRC coatings under torsional loads, 

using von Karman-Donnell shell theory and Stein and McElman approximations [9] with the Galerkin 

method. Ebrahimi et al. [10] found that sandwich TSSs with GOREAM cores and CNTRC face sheets 

had significantly better stability than those with re-entrant auxetic metamaterials. Multiple studies 

have been undertaken using a similar approach to analyze the buckling and post-buckling behavior 

of TSSs [11–14]. 

Optimally designed stiffeners enhance shell structure buckling behavior. Wang et al. [15] in-

troduced a smeared stiffener method for stiffened composite shells, later improved by Phuong et al. 

[16] for FG-GRC shells' nonlinear and post-buckling analysis. Dong et al. [17] studied nonlinear 

buckling in CNTRC shells with CNTR stiffeners. Dao et al. [18] analyzed buckling in eccentrically 

stiffened FG TSSs, while Minh et al. [19] applied Phuong et al.'s method to CNTRC TSSs with FG-

CNTRC stiffeners. 

A comprehensive literature review on TSSs highlights a significant gap in understanding how 

stiffeners affect the buckling and post-buckling behavior of sandwich composite auxetic-core TSSs. 

To address this, the authors propose investigating TSSs with a GOEAM core and CNT-reinforced 

coatings using Phuong et al.'s [16] smeared stiffener technique. The study, focusing on axial com-

pression with Pasternak's elastic foundations, integrates von Kármán nonlinearity with the Stein and 

McElman approximation and uses the Galerkin method for analysis. It conducts a parametric study 

to examine the effects of various stiffener types and CNT parameters. 

2. Geometrical and material description 

2.1 The CNT-reinforced face sheet-stiffener structure 

Figure 1 shows the geometry of ring- and stringer-stiffened auxetic-core sandwich TSSs. This study 

models the shell-stiffener structure using an improved smeared stiffener technique [16]. FG-CNTRC 

stiffeners maintain consistent CNT orientation across the face sheets and stiffeners with patterns sim-

ilar to the shell—UD, FG-X, and FG-O. The extended rule of mixture determines the elastic constants 

of orthotropic materials as follows [6]: 
𝐸11

𝐶𝑁𝑇𝑅𝐶 = 𝑉𝑚𝑎𝐸𝑚𝑎 + 𝜂1𝑉𝐶𝑁𝑇𝐸11
𝐶𝑁𝑇  𝜈12

𝐶𝑁𝑇𝑅𝐶 = 𝑉𝑚𝑎𝜈𝑚𝑎 + 𝑉𝐶𝑁𝑇𝜈12
𝐶𝑁𝑇𝑅  
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𝐸22
𝐶𝑁𝑇𝑅𝐶 =

𝜂2

𝑉𝐶𝑁𝑇

𝐸22
𝐶𝑁𝑇 +

𝑉𝑚𝑎

𝐸𝑚𝑎

 𝐺12
𝐶𝑁𝑇𝑅𝐶 =

𝜂3

𝑉𝐶𝑁𝑇

𝐺12
𝐶𝑁𝑇 +

𝑉𝑚𝑎

𝐺𝑚𝑎

  
(1) 

here 𝐸11
CNT, 𝐸22

CNT, and 𝐺12
CNTrepresent the elastic moduli for the CNTs, while 𝐸𝑚𝑎 and 𝐺𝑚𝑎de-

note the elastic moduli of the matrix material. 𝜂𝑗 signifies the performance parameter, and 𝑉CNT and 

𝑉𝑚𝑎 are the volume fractions of the CNTs and the matrix, respectively, with 𝑉CNT + 𝑉𝑚𝑎 = 1. Fur-

thermore. Poisson's ratios are 𝜈12
CNT and 𝜈𝑚𝑎 for CNTs and matrix materials, respectively. 

 

 
Figure 1. Configuration of stiffened sandwich GOEAM -core TSSs with CNTRC shell-stiffener structure. 

2.2 Effective mechanical properties of GOEAM core 

The mechanical properties of GOEAM, including Young's modulus 𝐸𝑐, Poisson's ratio 𝜈𝑐, co-

efficient of thermal expansion 𝛼𝑐, and density 𝜌𝑐, as developed by Zhao et al. [2], can be expressed 

as follows: 

𝐸𝑐 =
1 + 𝜉𝜂 𝑉𝐺𝑟

1 − 𝜂𝑉𝐺𝑟
𝐸𝐶𝑢 × 𝑓𝐸(𝐻𝐺𝑟, 𝑉𝐺𝑟, 𝑇) 

𝜈𝑐 = (𝜈𝐺𝑟𝑉𝐺𝑟 + 𝜈𝐶𝑢𝑉𝐶𝑢) × 𝑓𝜈(𝐻𝐺𝑟, 𝑉𝐺𝑟 , 𝑇) 
 

 
(

(2) 𝛼𝑐 = (𝛼𝐺𝑟𝑉𝐺𝑟 + 𝛼𝐶𝑢𝑉𝐶𝑢) × 𝑓𝛼(𝑉𝐺𝑟, 𝑇) 
 

𝜌𝑐 = (𝜌𝐺𝑟𝑉𝐺𝑟 + 𝜌𝐶𝑢𝑉𝐶𝑢) × 𝑓𝜌(𝑉𝐺𝑟, 𝑇) 

where η and ξ are material and size coefficients from Zhao et al. [2], and T is 300 K. 

3. Fundamental equations 

This paper uses von Karman-Donnell's theory to derive the governing equations for the buck-

ling and post-buckling characteristics of stiffened sandwich TSSs with GOEAM cores and CNT-

reinforced face sheets under uniform axial compression.  According to Stein and McElman [9], the 

mid-surface strain of the shells is as follows: 

𝜀𝑥
0 =

𝜕𝑢

𝜕𝑥
+ (

𝜕𝑤

𝜕𝑥
)
2

−
𝑤

𝑎
 

𝜀𝑦
0 =

𝜕𝑣

𝜕𝑥
+ (

𝜕𝑤

𝜕𝑦
)
2

−
𝑤

𝑅
 

𝛾𝑥𝑦
0 =

𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
 

 
(3) 
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where 𝑢, 𝑣 and 𝑤, are displacement components in the 𝑥, 𝑦 and 𝑧 directions, respectively Hooke's law 

is utilized for orthotropic layers, as [20]: 

[

𝜎𝑥

𝜎𝑦

𝜎𝑥𝑦

] = [
𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄66

] [

𝜀𝑥

𝜀𝑦

𝛾𝑥𝑦

] 

 
(4) 

where 

 𝑄11 =
𝐸11

1 − 𝜈12𝜈21
             𝑄12 =

𝐸11𝜈21

1 − 𝜈12𝜈21
  𝑄22 =

𝐸22

1 − 𝜈12𝜈21
          𝑄66 = 𝐺12 

 
(5) 

Integrating Eq. (4) across the shell and stiffener thickness allows derivation of the internal forces in 

stiffened sandwich TSSs as follows: 

[
 
 
 
 
 
 
𝑁𝑥

𝑁𝑦

𝑁𝑥𝑦

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦]
 
 
 
 
 
 

=

[
 
 
 
 
 
𝐴11 𝐴12 0 𝐵11 𝐵12 0
𝐴12 𝐴22 0 𝐵12 𝐵22 0
0 0 𝐴66 0 0 𝐵66

𝐵11 𝐵12 0 𝐷11 𝐷12 0
𝐵12 𝐵22 0 𝐷12 𝐷22 0
0 0 𝐵66 0 0 𝐷66]

 
 
 
 
 

[
 
 
 
 
 
 

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

−𝑤,𝑥𝑥

−𝑤,𝑦𝑦

−2𝑤,𝑥𝑦]
 
 
 
 
 
 

 

 
 
 
(6) 

Where 𝐴𝑖𝑗 , 𝐵𝑖𝑗, and 𝐷𝑖𝑗 are the total stiffnesses of the stiffened sandwich TSSs, expressed as [16]: 

(𝐴𝑖𝑗 , 𝐵𝑖𝑗 , 𝐷𝑖𝑗) = (𝐴𝑖𝑗
𝑠ℎ , 𝐵𝑖𝑗

𝑠ℎ , 𝐷𝑖𝑗
𝑠ℎ) + (𝐴𝑖𝑗

𝑠 , 𝐵𝑖𝑗
𝑠 , 𝐷𝑖𝑗

𝑠 ) + (𝐴𝑖𝑗
𝑟 , 𝐵𝑖𝑗

𝑟 , 𝐷𝑖𝑗
𝑟 )    (𝑖, 𝑗 = 1,2,6) (7) 

 

where 𝐴𝑖𝑗
𝑠ℎ , 𝐵𝑖𝑗

𝑠ℎ, 𝐷𝑖𝑗
𝑠ℎ represent the sandwich shell's stiffness .The stiffness of CNTR ring can be ob-

tained by using the expression [16]: 

[
𝐴22

𝑟 𝐵22
𝑟

𝐵22
𝑟 𝐷22

𝑟 ] = [
�̃�22 �̃�22

�̃�22 �̃�22

] − [
�̃�12 0 �̃�12 0

�̃�12 0 �̃�12 0
]

[
 
 
 
 
�̃�11 0 �̃�11 0

0 �̃�66 0 �̃�66

�̃�11 0 �̃�11 0

0 �̃�66 0 �̃�66]
 
 
 
 

[

�̃�12 �̃�12

0 0
�̃�12 �̃�12

0 0

] 

 
 
(8) 

where 

(�̃�𝑖𝑗 , �̃�𝑖𝑗, �̃�𝑖𝑗) =
𝑏𝑟

𝑑𝑟
∫ �̃�𝑖𝑗

𝛺𝑟

(1, 𝑧, 𝑧2)𝑑𝑧        (𝑖, 𝑗 = 1,2,6) 
 
(9) 

The same calculation procedure applies to stringers. The equilibrium equations for stiffened sandwich 

TSSs, are expressed as follows [14] 

𝑁𝑥,𝑥 + 𝑁𝑥𝑦,𝑦 = 0 

 𝑁𝑥𝑦,𝑥 + 𝑁𝑦,𝑦 = 0 

𝑀𝑥,𝑥𝑥 + 𝑀𝑦,𝑦𝑦 + 2𝑀𝑥𝑦,𝑥𝑦 + 𝑁𝑥𝑤,𝑥𝑥 + 𝑁𝑦𝑤,𝑦𝑦 + 2𝑁𝑥𝑦𝑤,𝑥𝑦 +
𝑁𝑥

𝑎
+

𝑁𝑦

𝑅
  

−𝐾1𝑤 + 𝐾2(𝑤,𝑥𝑥 + 𝑤,𝑦𝑦) = 0 

 
 
(10) 

The Airy stress function 𝜍(𝑥, 𝑦) may be introduced as:   

 𝜙,𝑦𝑦 = 𝑁𝑥,  𝜙,𝑥𝑥 = 𝑁𝑦,  𝜙,𝑥𝑦 = −𝑁𝑥𝑦 (11) 

When conditions (11) are met, the first two equations in Eq. (10) are satisfied. Substituting Eq. (6) 

and Eq. (11) into the last equation of Eq. (10) yields the equilibrium equations as follows: 

𝐷11𝑤,𝑥𝑥𝑥𝑥 + 𝐷22𝑤,𝑦𝑦𝑦𝑦 + (𝐷12 + 𝐷21 + 4𝐷66)𝑤,𝑥𝑥𝑦𝑦 −
1

𝑅
𝜙,𝑥𝑥 −

1

𝑎
𝜙,𝑦𝑦

−𝜙,𝑦𝑦𝑤,𝑥𝑥 − 𝜙,𝑥𝑥𝑤,𝑦𝑦 + 2𝜙,𝑥𝑦𝑤,𝑥𝑦 + 𝐾1𝑤 − 𝐾2(𝑤,𝑥𝑥 + 𝑤,𝑦𝑦) = 0
 

(12) 

From Eq. (3) the deformation compatibility equation is obtained as: 

𝜀𝑥,𝑦𝑦
0 + 𝜀𝑦,𝑥𝑥

0 − 𝛾𝑥𝑦,𝑥𝑦
0 +

1

𝑅
𝑤,𝑥𝑥 +

1

𝑎
𝑤,𝑦𝑦 − 𝑤,𝑥𝑦

2 + 𝑤,𝑥𝑥𝑤,𝑦𝑦 =  0 
(13) 

Substituting Eq. (6) into the compatibility Eq. (12) yields: 
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𝐶‾11 𝜙,𝑥𝑥𝑥𝑥 + 𝐶‾22 𝜙,𝑦𝑦𝑦𝑦 + (𝐶‾66 − 2𝐴𝐶‾ 12) 𝜙,𝑥𝑥𝑦𝑦 − 𝑤,𝑥𝑦
2 + 𝑤,𝑥𝑥𝑤,𝑦𝑦 +

1

𝑅
𝑤,𝑥𝑥 +

1

𝑎
𝑤,𝑦𝑦 = 0 

(14) 

Applying the closed condition to the closed shell yields: 

∫  
2𝜋𝑅

0

∫  
𝐿

0

𝑣,𝑦𝑑𝑥𝑑𝑦 = ∫  
2𝜋𝑅

0

∫  
𝐿

0

(𝜀𝑦
0 +

𝑤

𝑅
−

1

2
𝑤,𝑦

2)𝑑𝑥𝑑𝑦 = 0 
(15) 

The governing Eqs. (16, 18, 19) can be utilized to explore the post-buckling behavior of sandwich 

TSSs. 

4. Solution Procedure  

This article examines the buckling and post-buckling analysis of stiffened axially-loaded sand-

wich TSSs considering simply-supported boundary conditions as follows: 

𝑤 = 0, N𝑥 = 0, 𝑁𝑥𝑦 = 0, 𝑀𝑥 = 0       x=0, x=L (16) 

In accordance with the boundary condition the deflection of the shell 𝑤(𝑥, 𝑦) can be approxi-

mated by a three-term expression as [14] 

𝑤 = 𝜉0 + 𝜉1sin 
𝑚𝜋𝑥

𝐿
sin 

𝑛𝑦

𝑅
+ 𝜉2sin

2 
𝑚𝜋𝑥

𝐿
 

(17) 

where m and n are the longitudinal and radial buckling modes, 𝜉0 is the pre-buckling deflection am-

plitude, and 𝜉1, 𝜉2 are the linear and nonlinear post-buckling deflection amplitudes. Substituting 

Eq. (17) into (14) yields the stress function: 

𝜙 = 𝜙1 cos
2𝑚𝜋𝑥

𝐿
+ 𝜙2 cos

2𝑛𝑦

𝑅
− 𝜙3 sin

𝑚𝜋𝑥

𝐿
sin

𝑛𝑦

𝑅
+ 𝜙4 sin 

3𝑚𝜋𝑥

𝐿
sin 

𝑛𝑦

𝑅
− 𝜎0𝑦ℎ

𝑥2

2
− 𝑝0ℎ

𝑦2

2
 

(18) 

Where 𝑝0 is the compressive axial load, and the 𝜙𝑖 are provided in [14]. By substituting the stress 

function (18) and deflection Eq. (17) in equation (12), applying the Galerkin method, and considering 

the Eq. (15), the equilibrium equations are derived as follows: 

𝜈0 =
𝑆32

2𝑆31
𝜈1

2 −
𝜈2

2
−

𝑆34

2𝑆31
𝑝0 

𝑆11 + 𝑆12𝜈0 + 𝑆13𝜈1
2 + 𝑆14𝜈2 + 𝑆15𝜈2

2 − 𝑆16𝑝0 = 0 

𝜈1
2 =

−𝑆23𝜈2 + 𝑆24𝜈2𝑝0

𝑆21 + 𝑆22𝜈2
 

(19) 
 

(20) 
 

(21) 

where 𝑆𝑖𝑗 are presented in [14]. By solving Eqs. (19)– (21), the load expression in terms of the non-

linear amplitude can be obtained as follows: 

𝑝0 = [𝑆11 + (𝑆14 −
𝑆12

2
)  𝜈2 + 𝑆15𝜈2

2 −
𝑆12𝑆23𝑆32𝜈2

2𝑆31(𝑆21 + 𝑆22𝜈2)
−

𝑆13𝑆23𝜈2

𝑆21 + 𝑆22𝜈2
]

× (𝑆16 +
𝑆12𝑆34

2𝑆31
−

𝑆13𝑆24𝜈2

𝑆21 + 𝑆22𝜈2
−

𝑆12𝑆24𝑆32𝜈2

2𝑆31(𝑆21 + 𝑆22𝜈2)
)
−1  

 

(22) 

Setting 𝜈2 = 0 allows the determination of the bifurcation point for the upper buckling load of axially 

compressed TSSs. 

𝑝0
𝑢𝑝𝑝𝑒𝑟

= 𝑆11/[𝑆16 − 𝑆12𝑆34/(2𝑆31)] (23) 

From Eqs. (19) -(21), one can establish the relationship between maximum deflection and non-

linear amplitude. 

𝑤max =
𝑆32(𝑆24𝜈2𝑝0 − 𝑆23𝜈2)

2𝑆31(𝑆21 + 𝑆22𝜈2)
+

𝜈2

2
+ (

𝑆24𝜈2𝑝0 − 𝑆23𝜈2

𝑆21 + 𝑆22𝜈2
) − 𝑝0

𝑆34

2𝑆31
 

(24) 

The post-buckling curves 𝑝0 − 𝑊max/ℎ  of stiffened GOEAM-core sandwich TSSs with CNT-rein-

forced face sheets can be obtained by combining Eqs. (22) and (24). 
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5. Numerical Results and Discussion 

To validate the method used in this investigation, comparative studies were conducted on a 

CNT-reinforced cylindrical shell without stiffeners, assuming an infinite longitudinal radius and no 

elastic foundation. The critical buckling loads from this study show acceptable agreement with those 

reported by Shen et al. [9], as indicated in Table 1. 

 
Table 1. Comparisons of critical buckling load �̅�𝑐𝑟 = 𝑝𝑐𝑟2𝜋𝑅ℎ(in KN) of CNTRC cylindrical shells 

subjected to axial compression ( R/h = 100 , h = 1 mm , ℎ2 = 0,  T = 300 K). 
𝑳𝟐/𝑹𝒉 𝑽𝑪𝑵𝑻 Shen [9] Present 

  UD FG-X UD FG-X 

 0.12 18.75 (1,7)* 21.81 (1;7) 18.8321 (1,7) 21.638 (1,7) 

100 0.17 30.43 (1,7) 35.53 (1;7) 30.5419 (1,7) 35.2354 (1,7) 

 0.28 37.77 (1,7) 47.18 (1;7) 38.0149 (1,7) 47.2022 

 *The buckling modes are represented as (m,n) 

 

Tables 2–3. detail the impact of CNTR rings, stringers, CNT reinforcement direction, distribu-

tion patterns, and content on the critical buckling loads of TSSs. The results show that FG-CNTRC 

convex TSSs have higher critical buckling loads than concave ones. For convex TSSs, longitudinal 

CNT reinforcement yields greater buckling loads, while concave shells perform better with circum-

ferential reinforcement. Tables 2. and 3 also reveal that the FG-X CNTRC distribution pattern 

achieves the highest buckling loads, whereas the FG-O pattern results in the lowest. Stiffeners are 

crucial: unstiffened TSSs have significantly lower buckling loads than stiffened shells. For convex 

TSSs, stringer-stiffened shells outperform ring-stiffened ones, whereas, for concave TSSs, ring-stiff-

ened shells are more effective. In all cases, increasing CNT content markedly enhances buckling 

loads. 
Table 2. The critical buckling loads (in MPa) of GOri-enabled sandwich convex TSSs with and without 

CNTRC stiffeners subjected to axial compression. (HGr = 100%, WGr = 2.5%, L = 1.5R, R/h = 80, a=4R 

,ℎ1 = 1𝑚𝑚,ℎ2 = 2𝑚𝑚, 𝑏𝑠 = 𝑏𝑟 = 0.002 𝑚, ℎ𝑠 = ℎ𝑟 = 0.003𝑚,  𝑛𝑠 = 50, 𝑛𝑟 = 12) 
  XD TSS    YD TSS 

 𝑽𝑪𝑵𝑻 Without stiffener XD stiffeners YD stiffeners  Unstiffened XD stiffeners YD stiffeners 

UD 0.17 550.03 (6,5) 612.415 (5,6) 557.163 (6,6)  300.703 (12,6) 472.946 (7,8) 302.09 (12,7) 

 0.28 678.622 (5,5) 778.771 (5,5) 688.292 (5,6)  346.978 (12,7) 580.284 (7,8) 347.537 (12,7) 

 0.17 593.942 (5,6) 654.755 (5,6) 598.962 (5,6)  303.79 (12,6) 485.355 (7,8) 305.335 (12,6) 

 0.28 743.193 (5,5) 832.76 (4,6) 755.068 (5,6)  355.929 (12,7) 602.27 (7,8) 356.608 (12,7) 

 0.17 495.669 (6,5) 570.753 (5,6) 501.581 (6,6)  299.136 (12,6) 461.507 (7,8) 299.826 (12,7) 

 0.28 616.525 (5,6) 713.154 (5,5) 623.906 (5,6)  343.152 (12,8) 561.669 (6,8) 343.42 (12,8) 

 

Table 3. The critical buckling loads (in MPa) of GOri-enabled sandwich concave TSSs with and without 

CNTR stiffeners subjected to axial compression. (HGr = 100%, WGr = 2.5%, L = 1.5R, R/h = 80, a=-4R 

,ℎ1 = 1𝑚𝑚,ℎ2 = 2𝑚𝑚, 𝑏𝑠 = 𝑏𝑟 = 0.002 𝑚, ℎ𝑠 = ℎ𝑟 = 0.003𝑚,  𝑛𝑠 = 50, 𝑛𝑟 = 12) 
  XD TSS    YD TSS 

 𝑽𝑪𝑵𝑻 Unstiffened XD stiffeners YD stiffeners  Unstiffened XD stiffeners YD stiffeners 

FG-X 0.12 105.388 (1,4) 106.015 (1,4) 117.36 (1,4)  140.534 (1,4) 141.017 (1,4) 153.626 (1,4) 

 0.17 108.186 (1,4) 109.153 (1,4) 125.138 (1,4)  159.328 (1,4) 160.029 (1,4) 178.436 (1,4) 

 0.28 111.921 (1,4) 113.623 (1,4) 137.939 (1,4)  195.979 (1,4) 197.099 (1,4) 227.08 (1,4) 

Figures 4a and 4b analyze the effects of stiffeners on the post-buckling curves of sandwich TSSs, 

comparing stiffened and unstiffened shells for convex and concave TSSs with longitudinal and cir-

cumferential CNT-reinforced shell structures. Stiffeners significantly impact post-buckling behavior. 

For convex TSSs, Figure 4a shows that stringer-type stiffeners yield higher post-buckling curves, 

while for concave TSSs, ring-stiffened shells exhibit the highest curves (Figure 4b). Additionally, 

Figure 4 highlights the complexity of TSS nonlinear behavior, with convex TSSs showing irregular 



The 14th International Conference on Acoustics & Vibration (ISAV2024),  

Karazmi University, Karaj, Iran, December 2024 

 

 

7 

post-buckling paths due to material and geometric complexities, especially at higher deflections, com-

plicating the prediction of their behavior. Figures 6a and 6b show the effect of CNT distribution 

patterns—UD, FG-X, and FG-O—on stiffened TSSs' post-buckling behavior. FG-X offers the best 

strength, followed by UD, with FG-O performing the weakest. Snap-through is minimal in concave 

TSSs and absent in convex shells. 

 

 
Figure 4. Comparison of stiffener types on the post-buckling curves of convex TSSs with a: longitudi-

nal CNT reinforcement and b: circumferential CNT reinforcement. 

 
Figure 5. Comparison of stiffener types on the post-buckling curves of concave TSSs with a: longitudinal CNT 

reinforcement and b: circumferential CNT reinforcement. 

 

 
Figure 6. Effects of different CNT distribution models on the post-buckling curves of stiffened TSSs 

 

6. Conclusions 
 

This paper examines the buckling and post-buckling behavior of stiffened GOEAM-core sand-

wich TSSs with CNT-reinforced face sheets under axial compression, using the Donnell-von Kármán 

theory, an improved smeared stiffener method, and the Galerkin solution. Numerical studies confirm 
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that stiffened TSSs exhibit higher critical buckling loads and post-buckling strength than unstiffened 

shells. Stiffened convex TSSs outperform stiffened concave TSSs in buckling loads and post-buck-

ling strength. The type of stiffeners and CNT reinforcement direction significantly affect the buckling 

behavior, with longitudinally aligned CNTs and stringer stiffeners boosting performance in convex 

TSSs and circumferentially reinforced ring stiffeners enhancing performance in concave TSSs. The 

FG-X CNT distribution pattern yields the best buckling and post-buckling characteristics.  
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