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Abstract 

This research investigates the oscillatory behavior of metallic nanoparticles, specifically sil-
ver and gold nanoparticles, inside lipid nanotubes (LNTs) utilizing the continuum approxima-
tion and the 6-12 Lennard-Jones (LJ) potential function. The nanoparticle is represented as a 
dense sphere, and the LNT is considered to have six layers: two head groups, two intermedi-
ate layers, and two tail groups. In order to determine the van der Waals (vdW) interactions 
between the two interacting nanostructures, analytical expressions are derived by undertaking 
surface and volume integrals. Ignoring the frictional forces and utilizing the Runge-Kutta 
numerical integration scheme, the equation of motion is directly solved to attain the time his-
tories of displacement and velocity of silver and gold nanoparticles inside LNTs. Based on 
the conservation of mechanical energy principle, a new oscillation frequency formula is also 
derived to precisely evaluate the frequencies of the proposed nano-oscillator. The effects of 
initial conditions and geometrical parameters on the oscillatory behavior of system are exam-
ined. Numerical results indicate that silver nanoparticle generates higher frequencies inside 
LNTs compared to gold nanoparticle. It is further found that the tail group thickness has a 
smaller effect on the oscillation frequency than the head group thickness.   

Keywords: Metallic nanoparticles; Lipid nanotubes; Continuum approximation; Oscillation 
frequency.  

1. Introduction 

Metallic nanoparticles have been the focus of attention for more than a century due to their 
superior optical, electrical, and thermal capabilities [1,2]. Silver and gold nanoparticles, created 
either intra-or extra-cellularly using living organisms, are extremely valuable. These materials have 
a wide range of applications in science and technology, including drug delivery, probes for electron 
microscopy to visualize cellular components, diagnosis and therapy, textile coatings, electronics, 
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biosensors, and so on [3-5]. Lipid nanotubes (LNTs) are also thought to be among of the biggest 
examples of self-organized nonliving structures that have been discovered to date [6]. Many appli-
cations in material science, chemistry, biochemistry, medicine, and as templates for structured na-
nomaterials are made possible by the unique advantages of LNTs over other materials [7]. These 
properties include high biocompatibility, controllability of diameters, lengths, and wall thickness, 
less vulnerability to microbial attack, large inner volumes, accessibility to inner surfaces, and capac-
ity to functionalize outer surfaces [8]. 

 LNTs are open-ended, hollow cylindrical structures made of rolled-up lipid bilayer mem-
brane walls. The lipid bilayer, also known as the phospholipid bilayer, is extremely thin in compari-
son to its lateral dimensions [9]. Although the thickness of a lipid bilayer is a few nanometers, it is 
comprised of several distinct chemical regions across its cross-section. The fully hydrated hydro-
philic head group is the initial region on either side of the bilayer, measuring around 0.8-0.9 nm 
thick. The second region is the intermediate layer, which is adjacent to the hydrated region and is 
slightly hydrated with a thickness of around 0.3 nm. The hydrophobic core of the bilayer is also 
completely dehydrated with a thickness of 3-4 nm. In addition, the thickness of a lipid bilayer varies 
with chain length and chemistry [10], as well as with temperature, particularly near a phase transi-
tion [11]. 

 In the published literature, the interactions between lipid bilayer and various nanostructures 
have been thoroughly investigated using both the molecular dynamics (MD) simulations and the 
continuum approximation. In this regard, Berger et al. [12] utilized the Lennard-Jones (LJ) potential 
function and an electrostatic term as the force field to perform an MD study on the interaction for 
the lipid bilayer of dipalmitoylphosphatidylcholine (DPPC), a phospholipid composed of two pal-
mitic acids, under different conditions.  Qiao et al. [13] examined the translocation of C60 fullerene 
and its derivative across a DPPC lipid bilayer. Based on the MD simulations, Wang et al. [14] re-
ported that the interaction between membranes of DPPC lipids and single-walled carbon nanotubes 
is concentration-dependent. Other researchers used a coarse grain method [15] to simulate the com-
plicated structure of the lipid bilayer. According to Shelley et al. [16], simulating the self-assembly 
of phospholipids using the coarse grain technique is more effective than using Monte Carlo simula-
tions. Baowan et al. [17] conducted a study on the interactions between a C60 fullerene and a lipid 
bilayer using the coarse grain model and the continuum approximation. Similarly, Sukchom et al. 
[18] investigated the penetration of a carbon nanocylinder through a lipid bilayer on the same basis. 
Employing the continuum approximation along with the 6-12 LJ potential function, Sadeghi et al. 
[19] also studied the issues of suction energy and acceptance condition of metallic nanoparticles 
(silver and gold) inside LNTs. Their study revealed that the maximum suction energy decreases 
with increasing head group or tail group thickness, but increases with nanoparticle size.  

Many scientists throughout the world have shown technical interest in ultrahigh-frequency 
nano-oscillators, whose frequencies are in the range of gigahertz (GHz) or beyond. These nano-
oscillators have a variety of applications, including ultra-fast optical filters for fiber optic systems 
and nanoantennas sensitive to high-frequency electromagnetic signals. Furthermore, high-frequency 
nano-oscillators have been proposed for applications in ultra-sensitive detector devices, radio fre-
quency signal processing, and as a model system for exploring quantum phenomena in macroscopic 
systems [20-22]. This study aims to present a continuum-based model to investigate the oscillatory 
behavior of silver and gold nanoparticles inside LNTs. Based on the continuum approximation 
along with the classical LJ potential function, analytical expressions are introduced to determine the 
vdW interactions between the two interacting molecules. Ignoring the frictional forces, the equation 
of motion is solved numerically to obtain the time histories of displacement and velocity of silver 
and gold nanoparticles inside LNTs. Employing the conservation of mechanical energy principle, a 
new frequency formula is also derived to evaluate the oscillation frequencies of nano-oscillator un-
der different system parameters. 
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2. Potential energy and interaction force 

Figure 1 shows a dense spherical nanoparticle of radius pR  located on the axis of a LNT of 

innermost radius lR  and length 2L . The LNT has six layers: two head, two intermediate, and two 

tail groups. The intermediate layer is a cylindrical surface, whereas the head and tail groups are cyl-
inders with thicknesses of hH  and tH , respectively. According to Fig. 1, the six radii of LNT are 

defined by  
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, , ,

, ,

l l l l h l l t
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       
(1)

in which 3.36  Å is the equilibrium gap between two layers of a lipid bilayer [17].  
Thus, the total potential energy is obtained by summing the interactions between nanoparticle and 
the six layers of LNT as [19] 
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where piE denotes the nanoparticle-intermediate interactions, while /ph ptE E  denotes the nanopar-

ticle-head/tail group interactions. Moreover, /pi piA B , /ph phA B  and /pt ptA B  are the attrac-

tive/repulsive constants between nanoparticle and intermediate layer, nanoparticle and head group 
and nanoparticle and tail group, respectively which are obtained through mixing rules [19]. Follow-
ing [19], piE and /ph ptE E can be written as   
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(4)

where 2s i iR    , /v h t   and 34 3 p pR   ; n nZ  , nj n jZ  and 1Z Z L  , 

2Z Z L  , 2 2
i pR R   and 2 2

j j pr R   . Also, 1 1 2 1 (2 1), , ,j m m jG G G G   are defined in [19].   

Furthermore, the total vdW force is obtained by differentiating the total potential energy as follows  

( ) ( )tot tot
vdWF E    (5)

 
Figure 1. Geometry of metallic nanoparticle-LNT oscillators. 
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3. Equation of motion and the frequency of oscillation 

Using the Newton’s second law, the equation of motion is given by  
( )( ) ( )tot

p vdWm Z t F Z   (6)

in which pm  shows the mass of nanoparticle. 

Solving Eq. (6) numerically yields the oscillation frequency. The oscillation frequency can be also 
obtained from the energy equation. Ignoring the frictional forces [23] and employing the conserva-
tion of mechanical energy law gives  
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where 0A is the amplitude of motion and the period of motion can be calculated from  
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The period of motion can be obtained by summing 1T  and 2T  as  
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To remove the singularity from 2T , one can write 
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Similar to ሺ ሻሺ ሻtotE Z , ሺ ሻ
0ሺ , ሻtotH A Z  can be written in the form defined in Eq. (2) whose components 
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Substituting Eq. (10) into Eq. (9) and letting 2
0 sinZ A  , 2T  is obtained as 
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Note that the oscillation frequency is the reciprocal of amplitude of motion.  
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4. Numerical results 

Based on the proposed formulations, numerical results are presented in this section for the 
vdW interactions and oscillation frequency of metallic nanoparticle-LPN oscillators. The values of 
constant parameters required for numerical evaluations are listed in Table 1. 

 
Table 1. Constants required for numerical evaluations [19]. 

Mean volume density of Ag 0.0587 Å-3 

Mean volume density of Au 0.0590 Å-3 
Well depth (Ag-Ag)  0.036 kcal/mol 
Well depth (Au-Au) 0.039 kcal/mol 
VdW diameter (Ag-Ag)   2.8045 Å 
VdW diameter (Au-Au)   2.9337 Å 
Well depth (intermediate layer-intermediate layer)  3.4 kJ/mol 
Well depth (head group-head group)  5 kJ/mol 
Well depth (tail group-tail group)  1.8 kJ/mol 
VdW diameter (intermediate layer-intermediate layer) 4.7 Å 
VdW diameter (head group-head group) 4.7 Å 
VdW diameter (tail group-tail group)  4.7 Å 
Mass density of Ag 10.49×10-27 kg/Å3 
Mass density of Au 19.32×10-27 kg/Å3 
Length of LPN 300 Å 

 
For silver and gold nanoparticles, the distributions of vdW interaction force and potential en-

ergy are depicted in Fig. 2(a) and Fig. 2(b), respectively. This figure shows that the nanoparticle is 
sucked into the LNT by an attractive interaction force generated near the two ends of the LNT. In 
other locations, the potential energy remains unchanged and thus the nanoparticle experiences a 
constant velocity in this range. It can be further observed that the minimum potential energy of sil-
ver nanoparticle is greater than that of gold nanoparticle. 
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Figure 2. Distribution of (a) interaction force (b) potential energy related to silver and gold nanoparticles 

 , 8 ,50 15h tpR ÅÅ L Å L   . 

Using the Runge-Kutta numerical integration technique, the variations of separation distance 
and velocity with the time are demonstrated in Fig. 3(a) and Fig. 3(b), respectively. In this figure, 
the nanoparticle is released at the right end of the LNT with no initial velocity. As shown, the nano-
particle oscillates about its preferred position in the middle of the LNT, where it has the maximum 
velocity. It can also be noted that the amplitude peak of silver and gold nanoparticles is similar, 
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whereas the maximum velocity of silver nanoparticle is 14.27 m/s, which is 27.64% greater than 
that of gold nanoparticle. According to the obtained results, for the identical geometrical parameters 
and initial conditions, the oscillation frequency of silver nanoparticle is 0.2089 GHz, which is 
27.69% higher than that of gold nanoparticle. 
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Figure 3. Variation of (a) separation distance (b) velocity with the time for silver and gold nanoparticles 

 , 8 ,50 15h tpR ÅÅ L Å L   . 

 
For different radii of silver nanoparticle, the variation of frequency with the amplitude is 

graphically illustrated in Fig. 4(a). In this figure, it is assumed that the nanoparticle is released 
without an initial velocity from a position where attractive vdW force exists. As illustrated, there is 
a certain amplitude at which the oscillation frequency peaks. This amplitude and its associated fre-
quency are known as critical amplitude and maximum frequency, respectively. As depicted, the 
frequency curve ascends and descends for amplitudes smaller and greater than the critical one. Nu-
merical results indicate that increasing the nanoparticle radius causes the critical amplitude to in-
crease, while it causes the maximum frequency to decrease. In order to explore how oscillation fre-
quency varies with the initial velocity, Fig. 4(b) is presented. In this figure, it is supposed that an 
initial velocity is imparted to the nanoparticle at the preferred position of the system. It is evident 
form Fig. 4 that nanoparticles of smaller radii generate higher frequencies for a given initial condi-
tion. Additionally, the ultimate value of velocity in Fig. 4(b) relates to the escape velocity which 
decreases as nanoparticle radius gets larger. 
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Figure 4. Variation of (a) frequency with the amplitude (b) frequency with the initial velocity related to dif-

ferent radii of silver nanoparticle  8 , 15h tL Å L Å   . 

The effects of head group and tail group thicknesses on the variations of frequency with the 
amplitude and frequency with the initial velocity of silver nanoparticle are examined in Fig. 5(a) 
and Fig. 5(b), respectively. As shown, the critical amplitude is independent of head group and tail 
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group thicknesses. Furthermore, compared to head group thickness, the tail group thickness has a 
minor effect on the oscillatory behavior of the system. Based on the numerical results, 12.5% and 
33.33% increases in the head group and tail group thicknesses lead to 6.02% and 1.15% decreases 
in the values of maximum frequency, respectively. 
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Figure 5. Variation of (a) frequency with the amplitude (b) frequency with the initial velocity of silver nano-

particle related to different thicknesses of head and tail groups  50pR Å  . 

5. Conclusion 

In this paper, a continuum-based model was presented to investigate the dynamic behavior of 
metallic nanoparticle-LNT oscillators. Two types of nanoparticles (silver and gold) were studied 
and represented as dense spheres. The LNT was assumed to be made up of six layers: two head 
groups, two middle layers, and two tail groups. Analytical expressions were first derived to deter-
mine vdW interactions between the two interacting nanostructures. The equation of motion was 
solved numerically to obtain the time histories of displacement and velocity of nanoparticles inside 
LNT. Utilizing the conservation of mechanical energy principle, a semi-analytical frequency state-
ment was also provided into which the effects of geometrical parameters and initial conditions were 
incorporated. It was discovered that the oscillation frequency associated with silver nanoparticle is 
higher than that of gold one. It was further demonstrated that an increase in nanoparticle radius re-
sults in a decrease in the maximum frequency and an increase in the critical amplitude. Numerical 
results also indicated that the frequency response is less affected by tail group thickness compared 
to head group one. Additionally, the critical amplitude was determined to be unaffected by the 
thickness of the head/tail group, whereas the maximum frequency slightly decreases as the thick-
ness of the head/tail group increases. 
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