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Abstract 

The fluttering model of an airplane wing is modelled in this paper as nonlinear system with 

its real cross-sectional area which has an airfoil shape. Also, the fluttering of this nonlinear 

system is controlled here using piezoelectric actuator and nonlinear feedback controller of 

Feedback Linearization (FL) approach. Fluttering of the plane wing has a significant destruc-

tive effect on the plane manoeuvre. In order to compensate this phenomenon a proper actua-

tor needs to be employed together with an appropriate controlling strategy. Piezoelectric is 

proposed here for implementing the required tension on the wing surface since its dynamic is 

controllable using voltage input with a fast time constant. Also, in order to calculate the re-

quired feedback-based voltage of the piezoelectric, the real nonlinear model of the wing flut-

tering is required to be employed as the related feedforward term. To meet this goal the non-

linear model of the wing beam together with its related piezoelectric is extracted here as a 

nonlinear system with its real cross-sectional area which has an airfoil shape. It is shown by 

the aid of some simulation scenarios that first of all the developed model is closer to the reali-

ty of fluttering phenomenon.  Also, the designed and implemented nonlinear controller of FL 

can successfully damped away the wing vibrations and increase the fluttering speed.  

Keywords: Fluttering model; Airfoil shape cross sectional area of wing; Feedback lineariza-

tion; Piezoelectric.  

1. Introduction 

Today, in order to achieve a high lift-to-drag ratio, the use of wings with a high aspect ratio 

has increased, which reduces fuel consumption and increases the range of the flight path. Also, air-

planes should be designed light, which makes the wings of the airplane more flexible and reduces 

the plapping speed. An airplane's wings and control surfaces on it, as well as the tail and control 

surfaces on it, can be considered elastic structures that move through the air. These bodies have a 

self-excited vibration called flutter. But because the aspect ratio of the wing is much higher than 
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other surfaces, more attention will be paid to the side of the wing, because objects that have a high 

aspect ratio and are also light, the phenomenon of winging makes them distroy faster . 

In 1994, Scott and Weissart used piezoelectric materials to control the flapping phenomenon. 

In their paper, they used the Rayleigh-Ritz model to analyze the effectiveness of the actuators used 

to control the bending deformations and in-plane forces and increase the flutter speed of the aircraft. 

In the end, they came to the conclusion that the flutter phenomenon can be increased by using pie-

zoelectric materials.[1] In 1993, Jennifer Hague tested this method in the laboratory, which was the 

first test of smart materials such as piezoelectric to suppress the flapping phenomenon.[2] In 1995, 

Zhu et al presented an optimal control scheme for active control of rectangular plate flutter at super-

sonic speeds with piezoelectric materials.[3] In 1995, Changho Nam presented an optimal scheme 

of active flutter control for composite surfaces, which also used LQR optimization methods for con-

trol. In this method, the flutter speed increased by about 50%.[4] In 1996, Donghy used the finite 

element formulation and classical theories to obtain the governing equations and obtained results 

similar to those of previous papers.[5] In 2004-2005, Kim studied the effect of piezoelectric layers 

on sliding plate stability.[6] In 1996, Frampton et al investigated the active flutter control of panels 

with piezoelectric materials, which includes the effects of mass and piezoelectric materials. In this 

article, the linear control method is also used.[7] In 2005, Huang et al presented the flutter suppres-

sion of a piezoelectric material panel with a linear model.[8] In 2006, Raja and colleagues presented 

flutter control of a composite plate using multiple piezoelectric layers. They used the LQG control 

method.[9] In 2014, Silva presented a paper on aircraft flapping that modelled an aircraft wing with 

a piezoelectric layer on the bottom surface and a piezoelectric layer on the top surface and an elec-

trical circuit. The control voltage is obtained from the LQR control law.[10] In 2020, Asadi et al 

presented active flutter control of a wing-motor system using piezoelectric materials, modelling the 

wing as a thin-walled beam.[11] In 2014, Ronch has studied nonlinear control with feedback linear-

ization method, in which the classical method is used and not the assume mode.[12] 

In this article, the nonlinear equations of motion of the wing-piezoelectric system have been 

obtained. The system is controlled by the feedback linearization method. As can be seen, the accu-

rate nonlinear model of piezoelectric flapping considering the exact airfoil cross-section has not 

been derived so far. Here, the mentioned improvement in wing modeling is done using Lagrangian 

approach. Also, the nonlinear closed-loop control of flapping is performed using the input output 

and considering the aerodynamic formulas. It is shown that model enhancement can increase the 

accuracy of flapping response. In addition, the proposed piezoelectric-based controller can effec-

tively reduce the flapping phenomenon and increase the flapping speed to some extent. In the next 

section, the proposed model is extracted and the aerodynamic formulas are combined with the wing 

system. Also, feedback linearization is designed and implemented for the proposed model. After 

that, with the help of some analytical and comparative simulations, the proposed model provides a 

more realistic answer for the flapping response, and the designed and implemented controller with 

the help of piezoelectric actuator can reduce this phenomenon significantly. 

2. Modelling of wing-piezoelectric system 

In this part, first the wing and piezoelectric equations of motion and then the aerodynamic 

equations have been obtained. In Figure 1, it is clear that the wing is a cantilever beam. This figure 

introduces the dynamics of the system where we have two coordinate systems. Here (x,y,z) is the 

main reference, 
( ), ,  

 is the moving reference with wing. u, v and w are displacements. U is air 

velocity; d is distance between gravity centre and elasticity centre.  is torsion, and  are rota-

tions. With the help of references[13-20] The equations of motion of piezoelectric wing system and 

aerodynamic forces have been obtained. 
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Figure 1. The wing of the airplane as cantilever beam with airfoil shape cross section[13] 

For wing, the kinetic energy is 
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Where  is mass per unit volume, A is airfoil area, L is wing length, u, v, w are displace-

ments and   is torsion,   and   are twists. By calculating area integrals of kinetic energy equa-

tion, we have: 
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Where m is mass per unit length. R is cross-sectional mass radius of gyration about the 

elastic axis, ky is cross-sectional radius of gyration about the y axis and kz is cross-sectional ra-

dius of gyration about the z axis. For wing with isotropic material with use oiler-Bernoulli theo-

ry, the potential energy is: 
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Where ( )2 3, ,GJ E E  are torsion stiffness, flapwise stiffness and chordwise stiffness re-

spectively and ( ), ,     are curvatures. also wing is inelastic along eds so e=0, From refer-

ence[14] we have: 
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In figure 1 
1pL and 2pL are where piezoelectric starts and ends respectively. ph is thickness 

and PA is area of piezoelectric. The potential energy of piezoelectric is equal to: 
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Where 
P is stress, 

P is strain, 
,P P

z zE D
are electric field and electric displacement respective-

ly These values are equal to 
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Where ije
is piezoelectric module, ijQ

is stiffness reduced from plane stress, 
P

iE
 Electrical 

Field and 
P

ij
is Dielectric constant and also, we have 
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The kinetic energy of piezoelectric is: 
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Where superscript P shows that relations are for piezoelectric. By calculating the surface inte-

gral, we have: 
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3. Aerodynamic Formulation 

 

Figure 2. Airfoil shape showing center of elasticity P and center of mass C .[13 ]  

In this research, Peters theory has been used for aerodynamic force and moment. Aerodynam-

ic force and aerodynamic moment are equal to:   [13]  
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Where 
 is air density, U is free stream air speed, b is half of chord, a and e are constants 

that locate center of elasticity and mass respectively. See [13] for more detail about 0 . 

With the help of figure 2 we have 
( )d bx b e a= − = − −

[13]. Before the equation of motion is 

obtained, we use equation 14 for discretise equation and this is assuming mode method. 
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The modes are equal: 
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Where  1v wK K= =   and 2K = . Also, z can derive from equation 16: 

 1 cos( )cosh( ) 0z z+ =  (16) 

the equation of motion can derive from Lagrange method. So we have: 
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Where: 
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4. Control of nonlinear system (feedback linearization method) 

Here, feedback linearization control is used. System state variables are: 

 ( ) ( ) ( ) ( ) ( ) ( )1 2 3 4 5 6 5i it x t x t x t x t x t x x   +
 = =  =  =  =  = =   (20) 

To design the controller for the non-linear system, Vibrations in the direction of flapwise are 

considered as the output of the system, so we have: 

 ( )1 1 2 2 1 1 2 3 4, , , ,y x y x y x y x F x x x x u= → = → = → = =  (21) 

The general form of the system is the following equation: 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 2 3 4 5 4

1 1 3 4 5 4

T

i i i i i i i

T

i i i i i i i

u f x f x f x f x f x f x

g x g x g x g x g x g x u

+

+

= + → =   

+   

x f g x
 (22) 

So following eq is used: 

 ( ) ( )2 2i iy f x g x u= +  (23) 

The input of the controller is obtained by the feedback linearization method from the 

following relationship: 
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where the subscript d means an desire value and e means error. The values of i are arbitrary. 

5. Simulation study 

The numbers in Table 1 have been used for simulation. Figure 3 shows that controller can 

control system at flutter speed and figure 4 shows control voltage at speed 72.5m/s.  For control 

system, by using k=0.4 as gain control for reduce voltage. controller can control the system up to 

76m/s. Pay attention to the fact that lower than the flutter speed, the aerodynamic forces will damp 

the system. This fact is shown in figure 6. Considering that input-output controller is used, the rea-

son for the instability at a speed higher than 76m/s is that the states that are not under control be-

come unstable. Figure 7 shows the torsion state which is unstable at 76.1m/s speed with the pres-

ence of the controller. Figure 8 also shows the flapping of the wing at a speed of 76.1m/s, which is 

completely unstable despite the presence of the controller. Figure 9 shows voltage goes to infinite. 

Considering that it is modelled taking into account the exact cross-section of the wing and the 

distance between the centre of mass and the centre of elasticity, it must be said that if this is not 

done, the answer will be different. 

Table 1. The value of the employed parameters for simulation 
symbol unit value symbol unit value 
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b m 0.5 PJ 4-m 0.00013879 

m Kg/m 0.75 
P

yz 4-m 0.00000349 

e - 0 
P

y 4-m 0.00011915 

a - -0.2 
P

z 
4-m 0.00001964 

L m 14 Max piezo voltage v/mm 1000 

at  

altitude 20000ft 

3Kg/m 0.0889 1K - 2450 

A 2m 0.0817300 2K - 99 

J 4-m 0.0045370 PJ 4-m 0.00013879 

y 4-m 
0.0044695

7 

P

yz 4-m 0.00000349 

z 4-m 
0.0000674

7 

P

y 4-m 0.00011915 

D 2N/m 30000 
P

z 
4-m 0.00001964 

D 2N/m 15000 Max piezo voltage v/mm 1000 

D 2N/m 5000000 1K - 2450 

N in peters 

teory 
- 6 2K - 99 

N. of modes - 1 PJ 4-m 0.00013879 

P1L m 0 
P

yz 4-m 0.00000349 

P2L m 2.5 
P

y 4-m 0.00011915 

Pb m 0.5 
P

z 4-m 0.00001964 

21

Pe 2C/ m -6.5 Max piezo voltage v/mm 1000 

23

Pe 2C/ m -6.5 1K - 2450 

34

Pe 2C/ m -6.5 2K - 99 

15

Pe 2C/ m -6.5 PJ 4-m 0.00013879 

22

P 1F/ m 8-1.3*10 
PE GPa 2 

Ph m 3-1.7*10 
P 3Kg/m 5100 

PG GPa 0.8 PA 2m 0.00523479 

 

Figure 4. control voltage at flutter speed 
 

Figure 3. flapwise with controller and without controller 
at flutter speed 
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According to source[21], which considered the surface to be rectangular, by using numbers of this 

source, then the flutter speed will be 45.75, while for source[21], the value of flutter speed is equal 

to 49.68. Of course, checked 1 mode is checked, so it have a 5% difference[13] ,which means that 

in total, in the same conditions, due to careful consideration of the level, our difference will be less 

than 5%. 

You can see the fuzzy diagram in Figure 6 in the state where the controller is not present.  

 
Figure 5. fuzzy diagram at 72.5m/s 

 
Figure 7. torsion at speed 76.1m/s with and without 

controller 

 

Figure 6. flapwise under flutter speed(72.35m/s) 

 

Figure 9. voltage control at speed 76.1m/s  

 
Figure 8. flapwise at speed 76.1m/s with and without 

controller 

6. Conclusion 

Modelling of the wing fluttering was extracted in this paper considering the actual air-foil 

shape cross sectional area of the wing. A nonlinear feedback-based controller was designed and 

implemented on the system using FL approach. It was seen that by adding the model of piezoelec-

tric, it can be employed as the related actuator of the designed controller. The aerodynamics was 

also implemented on the proposed model in order to check the efficiency of the proposed controller 

to-ward stabilising the wing flutter. The correctness of the proposed model and the efficiency of the 

designed nonlinear controller were proved by the aid of some simulation scenarios. It was observed 

that using the actual cross section of the wing can provide more realistic response of the wing vibra-
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tions. Moreover, by the aid of the designed FL controller, the fluttering speed was increase from 

72.5m/s to 76 which shows a 4.83 percent improvement in the performance of the airplane. Also, it 

can be seen that the fluttering overshoot is decreased by about 100 percent using FL while the max-

imum required voltage is about 110 volte. To sum up it was seen that the proposed model together 

with the implemented controller can effectively stabilise and control the fluttering and increase the 

threshold speed of the airplane. 
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